Abstract. We study the three-dimensional Anderson model of localization with anisotropic hopping, i.e., weakly coupled chains and weakly coupled planes. In our extensive numerical study we identify and characterize the metal-insulator transition by means of the transfer-matrix method. The values of the critical disorder Wc obtained are consistent with results of previous studies, including multifractal analysis of the wave functions and energy level statistics. Wc decreases from its isotropic value with a power law as a function of anisotropy. Using high accuracy data for large system sizes we estimate the critical exponent as ν = 1.62 ± 0.07. This is in agreement with its value in the isotropic case and in other models of the orthogonal universality class. 
Introduction
We study numerically the problem of Anderson localization [1] in three-dimensional (3D) disordered systems with anisotropic hopping. Previous studies using the transfermatrix method (TMM) [2, 3, 4] , multifractal analysis (MFA) [5] and recently energy-level statistics (ELS) [6, 7] showed that an MIT exists even for very strong anisotropy. The values of the critical disorder W c were found to decrease by a power law in the anisotropy, reaching zero only for the limiting 1D or 2D cases. The main goal of the present paper is to determine the critical exponent ν of this second order phase transition with high accuracy. It is generally assumed that ν only depends on general symmetries, described by the universality class, but not on microscopic details of the sample [8] . Thus, anisotropic hopping should not change ν. Recent highly accurate TMM studies report ν = 1.54 ± 0.08 [9] , ν = 1.58 ± 0.06 [10] , ν = 1.61 ± 0.07, and ν = 1.54 ± 0.03 [11] for isotropic systems of the orthogonal universality class. But for anisotropic systems of weakly coupled planes, ν = 1.3 ± 0.1 and ν = 1.3 ± 0.3 was found [3] . We found in a recent high precision ELS study ν = 1.45 ± 0.2 [7] for the same model. To clarify this situation, we compute the localization length by means of the TMM with high accuracy for large system sizes and apply a finite-size scaling (FSS) analysis which takes into account corrections to the usual one-parameter scaling ansatz [10] . The resulting value of the critical exponent ν = 1.62 ± 0.07 confirms the recent high accuracy a email: milde@physik.tu-chemnitz.de estimates. Thus the anisotropic Anderson model belongs to the same universality class as the isotropic model.
Another interesting aspect of anisotropic hopping beside the question of universality is the connection to experiments which use uniaxial stress to tune disordered Si:P or Si:B systems across the MIT [12, 13, 14, 15] . While applying stress, the distance between the atomic orbitals reduces, the electronic motion becomes alleviated, and the system changes from insulating to metallic. Thus, although the explicit dependence of hopping strength on stress is material specific and in general not known, it is reasonable to relate uniaxial stress in a disordered system to an anisotropic Anderson model with increased hopping between neighboring planes.
In the experiments, a large variation of the value of the critical exponent ν has been observed with suggested values ranging from 0.5 [12] over 1.0 [15] , 1.3 [13] , up to 1.6 [14] . Possibly this "exponent puzzle" [13] is due to other effects in the experiments such as electron-electron interaction [14] or sample inhomogeneities [13, 16, 17] which are usually ignored in the original formulation of Anderson localization. Furthermore, the extrapolation of finitetemperature conductivity data down to temperature T = 0 is open to debate and should perhaps be replaced [15, 18] by application of the dynamical scaling approach [19] . Another interesting question is, whether applying uniaxial stress is equivalent to changing the dopant concentration. We note that for non-universal properties such as the value of the conductivity, it was shown that stress and concentration tuning lead to different T dependencies close to the MIT [15] .
The anisotropic Anderson model of localization
We use the standard Anderson Hamiltonian [1]
with orthonormal states |i corresponding to electrons located at sites i = (x, y, z) of a regular cubic lattice with periodic boundary conditions. The potential energies ǫ i are independent random numbers drawn from the interval [−W/2, W/2]. The disorder strength W specifies the amplitude of the fluctuations of the potential energy. The hopping integrals t ij are non-zero only for nearest neighbors and depend on the three spatial directions, thus t ij can either be t x , t y or t z . We study two possibilities of anisotropic transport: (i) weakly coupled planes with
and (ii) weakly coupled chains with
This defines the strength of the hopping anisotropy γ ∈ [0, 1]. For γ = 0 we recover the isotropic case, γ = 1 corresponds to independent planes or chains. Note that uniaxial stress would be modeled by weakly coupled chains after renormalization of the hopping strengths such that the largest t is set to one in equation (3).
Transfer-matrix method in anisotropic systems
We study the localization length λ, describing the exponential decay of the wave function on long distances. We compute it using the TMM [8, 20, 21] for quasi-1D bars of cross section M × M and length L ≫ M . The stationary Schrödinger equation HΨ = EΨ is rewritten in a recursive form:
(4) Ψ i , H i , and T i are wave function, Hamiltonian matrix, and transfer matrix of the ith slice, respectively. Unit and zero matrices are denoted by 1 and 0 and t b is the hopping integral along the bar axis. We consider the band center E = 0. Given an initial condition states. Thus it is possible to determine the critical disorder at which Λ M is constant from plots of Λ M versus M . For the anisotropic systems there are two possible orientations of the axis of the quasi-1D bar: parallel and perpendicular to the coupled planes or chains. The localization lengths in the perpendicular direction are smaller than in the parallel direction by a factor of about 1 − γ for coupled planes and (1 − γ) 2 for chains [3] . Nevertheless, the critical disorder W c should not depend on the orientation of the bar [3] . For strong anisotropies γ ≥ 0.9 this is difficult to verify numerically, as can be seen for the case of weakly coupled planes in figure 1. For the parallel orientation of the bar we find the usual critical behavior of Λ M as described above. We deduce a critical disorder W c ≈ 7 for this case. But for a perpendicular orientation of the bar the behavior of Λ M versus M is different as can be seen in the bottom part of figure 1. There are two striking features. First, Λ M oscillates for small W and M between smaller values for odd and larger values for even M . Second, the characteristics of Λ M as function of M changes from localized (with positive slope) at small M to extended (with negative slope) at larger M for W < 7. Let us consider for instance the data for W = 6. For M < 11 Λ M decreases with M , which is typical for localized states. Up to M ≈ 25 the data still decrease, but the slope tends to zero. For M > 25 it starts to increase, indicating extended behavior. Therefore one has to extend the calculation at least to M = 35 to find the correct critical disorder in this case. For smaller M , W c would be systematically underestimated even when applying the FSS procedure. We remark that, e.g., the computation of the data point for W = 8, system size M = 36, and accuracy of 0.2% takes several weeks on a 400MHz Pentium II machine. We attribute these features of Λ M at least partially to a structured density of states (DOS) ρ(E) at these large γ and relatively small W . We show an example in figure 2. The structure comes from very small (M × M ) planes in the bar which are very weakly coupled in the perpendicular direction. The coupling between the planes is so small for γ > 0.9, that ρ(E) is nearly equal to the DOS of an ensemble of uncoupled 2D systems [5] . In such small 2D systems the relatively weak disorder is not sufficient to completely smear out the peaks in the DOS of the ordered system. Thus, at E = 0 there is a peak for even but a dip for odd system sizes as can be seen in figure 2. In our opinion, for the TMM in perpendicular orientation, M has to be at least so large that all the finite size structure in ρ(E) has vanished in order to get reliable results. For the TMM in parallel orientation, smaller M are sufficient, since the planes or chains extend along the bar so that the DOS is smoothened. Depending on the quality of our available data, we compute the critical disorder with different methods. The results are shown in figures 3 and 4. Particularly for the perpendicular orientation we estimate W c from plots of Λ M versus M as in figure 1. As described above, a constant behavior of Λ M for large system sizes indicates W c . For data without the described features due to a structured DOS, i.e., in the parallel orientation, we plot the disorder dependence of Λ M for several system sizes as in figure 5 . The [5] and recently by ELS [7] . We also added a fit to TMM data of Ref. previous TMM Fig. 4 . Anisotropy dependence of Wc for coupled chains as computed by TMM in parallel ( ) and perpendicular (⊥) direction, previously by MFA [5] and recently by ELS [7] . We also added a fit to TMM data of Ref. [3] (dashed line).
transition is indicated by a crossing point of the Λ M (W ) curves. We use FSS for high quality data as described in the next subsections. Our results for W c are in good agreement with results from ELS [6, 7] and MFA [5] . The power-law dependence on anisotropy W c = 16.5(1 − γ) β is confirmed. Using all data from MFA [5] , ELS, and the present TMM, we find β = 0.25 ± 0.05 and β = 0.60 ± 0.08 for coupled planes and chains, respectively. The latter deviates slightly from the CPA result [3] β = 0.5.
Finite-size scaling
The MIT in the Anderson model of localization is expected to be a second-order phase transition [19, 23] . It is characterized by a divergent correlation length ξ ∞ (W ) = C|W − W c | −ν , where ν is the critical exponent and C is a constant [8] . To construct the correlation length of the infinite system ξ ∞ from finite size data Λ M [3, 8, 20, 21] , the one-parameter scaling hypothesis [24] is employed,
All Λ M are expected to collapse onto a single scaling curve f , when the system size is scaled by ξ ∞ . In a system with MIT such a scaling curve consists of two branches corresponding to the localized and the extended phase. One might determine ν from fitting ξ ∞ obtained by a FSS procedure [22] . But a higher accuracy can be achieved by fitting directly the raw data [22] . We use fit functions [10] which include two kinds of corrections to scaling: (i) nonlinearities of the disorder dependence of the scaling variable and (ii) an irrelevant scaling variable with exponent −y. Specifically, we fit
with w = (W c − W )/W c and a ni and b n expansion coefficients. Choosing the orders n r and m r of the expansions larger than one, terms with higher order than linear in the W dependence appear. This allows to fit a wider W range around W c than with the previously used linear fitting [9] . The linear region is usually very small. The second term in equation (6) describes the systematic shift of the crossing point of the Λ M (W ) curves [9, 10] visible, e.g., in figure 5 and its inset. This correction term vanishes for large system sizes, since the irrelevant exponent y > 0.
For the nonlinear fit, we use the Levenberg-Marquardt method [10, 25] as in Ref. [7] . It minimizes the χ 2 statistics, measuring the deviation between model and data under consideration of the error of the data points. We estimate the quality of the fit by the goodness of fit parameter Q [25] . It considers χ 2 and the number of data points and fit parameters. For reliable fits it should lie in the range 0.01 < Q < 1 [25] . We check the confidence intervals obtained from the Levenberg-Marquardt routine by a Monte Carlo and a bootstrap method [25] . Additionally, we test whether the fitted values of W c , ν, and y are compatible when using different expansions of the fit function, i.e., different orders n r and m r [7] .
Determination of ν
We estimate ν for coupled planes with strong anisotropy γ = 0.9, where we have the most accurate data. A parallel orientation of the transfer-matrix bar is used in order to avoid the problems discussed in section 3. Compared to (6) and (7) with nr = 3 and mr = 2. In the inset we enlarge the central region without the data points to show the shift of the crossing point.
the perpendicular direction, the convergence of the TMM is much slower and the computing time to achieve a certain accuracy increases remarkably. We computed Λ M up to M = 17 with 0.07% accuracy for 8.1 ≤ W ≤ 9, for W = 8, 9.1, and 9.2 the accuracy is 0.14%. As we show in figure 5 we find a clear signature of an MIT, a crossover from increasing to decreasing behavior of Λ M with growing M when disorder changes from 8 to 9.2. The lines for constant M do not cross exactly in a single point. In the inset, a small systematic shift is clearly visible. Thus, we include the second term of equation (6) when fitting the data. All fits reported in table 1 describe the data very well. This is expressed by the large values of Q > 0.7 and can also be seen in figure 5 where we show the data and the fit functions for an exemplary set of parameters n r , m r . The corresponding scaling function and scaling parameter are displayed in figure 6 and its inset. All data collapse almost perfectly onto a single curve with two branches. In connection with the divergent ξ ∞ , this clearly indicates the MIT. We also tried to use smaller orders of the expansions than in table 1, but then it was not possible to fit the data in the whole W interval with the desired high quality. When comparing the spreading of the fitted W c and ν values in table 1 with their confidence intervals for the case that all system sizes are used in the fits (open symbols), the error estimates appear to be slightly too small. The 95% confidence intervals of the smallest and largest W c value do not overlap. We thus conclude W c = 8.63 ± 0.02. In figure 7 we show the fitted ν values and their confidence intervals together with results from our recent ELS study [7] using the same fit method. The characters A to E denote ELS results from different combinations of W and M intervals. Despite the high accuracy of the data of 0.2% to 0.4% for large system sizes up to M = 50 and large Q values, the results for ν scatter strongly. The 95% confidence interval apparently do not describe the correct error in this case. But for the TMM data, the error estimate for ν seems to be appropriate. We emphasize the importance of having very accurate data for high system sizes as prerequisite to obtain reliable critical exponents. Furthermore, it is necessary to compare the results of different fits to get reasonable error estimates. In order to test for a possible systematic trend in the finite size behavior, we have repeated the fits neglecting the smallest system sizes M = 5, 6. This is denoted by filled symbols in table 1. The results do not change, only the error increases. We summarize our result for the critical exponent as ν = 1.62 ± 0.07. This is different from ν = 1.3 ± 0.1 and larger than ν = 1.3 ± 0.3 obtained previously from data with an accuracy of about 2% for system sizes up to M = 15 and 17 for the parallel and perpendicular direction [3] . Since we use more accurate data with slightly larger system sizes we expect our result to be more reliable. Furthermore, ν ≈ 1.6 is in good agreement with high accuracy TMM studies for the isotropic case [9, 10, 26] . For comparison, we have added the results of Ref. [10] to figure 7. In our recent ELS study [7] we obtained ν = 1.45 ± 0.2. As in other ELS studies [27, 28] , the critical exponent is smaller than deduced from highly accurate TMM data. However, within the error bars, that result is consistent with our present finding. In Ref. [7] a trend towards larger ν was found when the data from smaller samples were neglected. A further increase of ν can be presumed if the system size could be increased further. We believe, that for large enough system sizes TMM and ELS will give the same results. . ν and its 95% confidence intervals from the fits of the ΛM data as reported in table 1. Large characters denote fits of ELS data from Ref. [7] . The • data indicate results of Ref. [10] for the isotropic case γ = 0. Solid and dashed lines indicate the error bounds for the present result ν = 1.62 ± 0.07 and the ELS result [7] ν = 1.45 ± 0.2, respectively.
Summary
We have studied the metal-insulator transition in the 3D Anderson model of localization with anisotropic hopping. We used TMM together with FSS analysis to characterize the MIT. Our results confirm the existence of an MIT for anisotropy γ < 1 for weakly coupled planes and weakly coupled chains and the power law decay of the critical disorder with increasing anisotropy found in studies using TMM [3] , MFA [5] , and recently by ELS [6, 7] . In these anisotropic systems there are two possible orientations of the transfer matrix bar. We have shown that the critical disorder W c is, as expected, the same for both possibilities. But we remark that for strong anisotropy γ very large system sizes are necessary for the perpendicular orientation in order to find the correct W c . This is in part due to the small size of the weakly coupled planes or chains in the bar which results in a structured DOS. For the case of weakly coupled planes with γ = 0.9 and parallel orientation we computed Λ M with 0.07% accuracy for system widths up to 17 × 17. Using a method to fit the data [10] which considers corrections to scaling due to an irrelevant scaling variable and nonlinearities in the disorder dependence of the scaling variables we have deduced a critical exponent ν = 1.62±0.07. This is clearly larger than ν = 1.3 ± 0.1 obtained previously [3] for the same system. Since this result was obtained from less accurate data (≈ 2%) and slightly smaller system sizes, we believe that the previous error estimate is too small. Even from highly accurate ELS data (0.2% to 0.4%) and system sizes up to 50 the error estimate is twice as large: ν = 1.45 ± 0.2 [7] . We have shown that large system sizes and high accuracies are necessary to determine the crit-ical exponent reliably. Our result is in good agreement with other high accuracy TMM studies for the orthogonal universality class [9, 10, 11, 26] . These numerical estimates of ν seem to converge towards ν ≈ 1.6. Experimentally it is of course even more difficult to determine the exponent ν of the Anderson transition. Recent attempts of dynamical temperature scaling have shown that the statistical accuracy of the experimental data is less than in the numerical studies [15, 18, 29] , but there also seems to be a trend towards larger values of ν [12, 15] .
